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Section I 

10 marks 
Attempt Questions 1–10 
Allow about 15 minutes for this section 
Use the multiple-choice answer sheet for Questions 1 – 10. 

1.  A PIN is to be chosen using four of the digits 0 through 9. Digits cannot be repeated. 

How many possible PINs are there? 

A. 256 

B. 210 

C. 10 000 

D. 5040 

2.  An object’s velocity is given by the vector � 3−5�. 

What is the magnitude of the object’s velocity? 

A. -2 

B. 34 

C. √34 

D. √8 

3.  The polynomial 𝑃𝑃(𝑥𝑥) = 𝑥𝑥3 − 12𝑥𝑥2 + 21𝑥𝑥 + 𝑘𝑘 has a double root. 

What are the possible values of 𝑘𝑘? 

 

A.   𝑘𝑘 = −1 or 𝑘𝑘 = −7     

B.   𝑘𝑘 = 1 or 𝑘𝑘 = 7    

C.   𝑘𝑘 = 10 or 𝑘𝑘 = −98   

D.   𝑘𝑘 = −10 or 𝑘𝑘 = 98   
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4.  What is the derivative of sin−13𝑥𝑥? 

A. − 1
√1−9𝑥𝑥2

 

B.    3
√1−9𝑥𝑥2

  

C. − 1
√1−3𝑥𝑥2

  

D. − 3
√1−9𝑥𝑥2

  

5.  Find the primitive function of  𝑑𝑑𝑑𝑑
𝑑𝑑𝑥𝑥

= sin 𝑥𝑥 cos3 𝑥𝑥. 

A. 𝑦𝑦 = 1
4

cos4 𝑥𝑥 + 𝐶𝐶 

B. 𝑦𝑦 = − 1
4

cos4 𝑥𝑥 + 𝐶𝐶 

C. 𝑦𝑦 = 1
8

sin2 𝑥𝑥 cos4 𝑥𝑥 + 𝐶𝐶  

D. 𝑦𝑦 = − 1
8

sin2 𝑥𝑥 cos4 𝑥𝑥 + 𝐶𝐶  

 

6.  Write the expression 𝑦𝑦 = sin𝑥𝑥 +  √3 cos𝑥𝑥 in the form 𝑅𝑅sin(𝑥𝑥 + 𝛼𝛼).    
 

A. 2 sin �𝑥𝑥 + 𝜋𝜋
4
� 

B.  sin �𝑥𝑥 + 𝜋𝜋
3
� 

C. 2 sin �𝑥𝑥 + 𝜋𝜋
3
� 

D. 2 sin �𝑥𝑥 − 𝜋𝜋
3
� 
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7.  What is the value of sin 2𝑥𝑥 given that sin𝑥𝑥 = 2√3
4

 and 𝑥𝑥 is obtuse? 

A. −√3
4

 

B. −√3
2

 

C. √3
4

 

D. √3
2

 

8.  The equation 𝑦𝑦 = 𝑒𝑒𝑎𝑎𝑥𝑥 satisfies the differential equation  𝑑𝑑
2𝑑𝑑

𝑑𝑑𝑥𝑥2
+ 𝑑𝑑𝑑𝑑

𝑑𝑑𝑥𝑥
− 6𝑦𝑦 = 0. 

What are the possible values of 𝑎𝑎?  
 

A. 𝑎𝑎 = −2  or  𝑎𝑎 = 3 

B. 𝑎𝑎 = −1  or  𝑎𝑎 = 6 

C. 𝑎𝑎 = 2  or  𝑎𝑎 = −3 

D. 𝑎𝑎 = 1  or  𝑎𝑎 = −6 

9.  
Given that 𝑓𝑓(𝑥𝑥) = 𝑒𝑒𝑥𝑥 − 1 and 𝑦𝑦 = 𝑓𝑓−1(𝑥𝑥), find an expression for . 

A.     1
𝑒𝑒𝑥𝑥−1

 

B.       
1

𝑥𝑥+1
 

C.       ln 𝑥𝑥    
 

D.       ln(𝑥𝑥 + 1)      
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10.  Which of the following differential equations could be represented by the slope field diagram 
below? 

 
 

 
 

 
 

 
 

 
 

 
 

 

A.          

B.       

C.       

D.       
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 Section II 

60 marks 
Attempt Questions 11 – 14. 

Allow about 1 hour and 45 minutes for this section. 
 
Answer each question in the appropriate writing booklet. Extra writing booklets are available. 
In Questions 11 – 14, your responses should include relevant mathematical reasoning and/or calculations.  
 
 

Question 11 (15 marks) Use the Question 11 writing booklet. 
 

 

(a)  Write a cartesian equation to represent the following parametric equations. 

𝑥𝑥 = 2sin𝜃𝜃  

𝑦𝑦 = 2cos𝜃𝜃 

2 

(b)  Solve  
1−𝑥𝑥
𝑥𝑥−5

 ≥ 1. 2 

(c)  Consider the vectors �̰�𝑝 =  � 4
−3�  onto �̰�𝑞 = �−1

2 �. 
 
i) Using the dot product, show that these two vectors are not perpendicular to each other. 
 
ii) Find the vector projection of  �̰�𝑝 onto �̰�𝑞 . 
 

 
 

1 
 

2 
 

(d)  In the diagram, OABC is a parallelogram. The vector 𝑂𝑂𝑂𝑂�����⃗ = �̰�𝑎 and 𝑂𝑂𝐶𝐶�����⃗ = �̰�𝑐 . M is the 
midpoint of OA. Write an expression in terms of �̰�𝑎 and �̰�𝑐 to represent the vector 𝑀𝑀𝑀𝑀������⃗ . 
 

 
 

 

1 
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(e)  Sketch a possible solution curve passing through the origin for the following direction 
field. 

 

 

 

1 

 
(f)   Find � 𝑒𝑒2𝑥𝑥

1+𝑒𝑒4𝑥𝑥
 𝑑𝑑𝑥𝑥

ln 2

0
 by using the substitution 𝑢𝑢 = 𝑒𝑒2𝑥𝑥. 

Give your answer correct to 4 decimal places. 

 

 

3 

(g)  Use the substitution 𝑡𝑡 = tan 𝑥𝑥
2
 to find in radians, correct to 2 decimal places, the 

solutions of the equation cos 𝑥𝑥 − 3 sin 𝑥𝑥  + 3 = 0 for 0 ≤ 𝑥𝑥 ≤ 2𝜋𝜋. 
3 

 End of Question 11  
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Question 12 (15 marks) Use the Question 12 writing booklet. 
 

 

    (a)    i)  Show that sin(𝑂𝑂 + 𝑀𝑀) + sin(𝑂𝑂 − 𝑀𝑀) = 2sin𝑂𝑂 cos𝑀𝑀.  1 

      

ii)  Hence, find  

�  sin 4𝑥𝑥 cos 2𝑥𝑥 𝑑𝑑𝑥𝑥

𝜋𝜋
2

0

 

3 

   
   (b) Find   � 1

25+4𝑥𝑥2

5
2

0
 𝑑𝑑𝑥𝑥.  Leave your answer in exact form. 

 
2 

   (c) The polynomial equation 𝑥𝑥3 − 5𝑥𝑥2 + 𝑥𝑥 + 3 = 0 has roots 𝛼𝛼, 𝛽𝛽 and 𝛾𝛾. 

Find 𝛼𝛼2 + 𝛽𝛽2 + 𝛾𝛾2 . 

3 

   (d) Sienna intends to row her boat from the south bank of a river to meet with her friends on the 
north bank, as shown in the diagram below. The river is 100 metres wide. Sienna’s rowing 
speed is 5 ms−1 when the water is still. The river is flowing east at a rate of 4 ms−1. Sienna’s 
boat is also being impacted by a wind blowing from the south-west, which pushes the boat at 
8 ms−1. She starts rowing across the river by steering the boat such that it is perpendicular to 
the south bank.  

 

 

 i)   Show that the velocity of Sienna’s boat can be expressed as the component vector:   

      

2 

 ii)   Determine the distance rowed (in metres) and time taken (in seconds) by Sienna to travel  
      from the starting point to her landing point on the north bank. Give your answers correct  
      to one decimal place. 
 

End of Question 12 
 

4 

River 

North bank 
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Question 13 (15 marks) Use the Question 13 writing booklet.  

 

(a) Find � sin2 �𝑥𝑥
2
�

2𝜋𝜋

0
 𝑑𝑑𝑥𝑥. 2 

(b) The diagram below shows the curve 𝑦𝑦 = √16− 𝑥𝑥2 and the line 𝑦𝑦 = 𝑥𝑥. 

 
 

The shaded region enclosed between the curve 𝑦𝑦 = √16− 𝑥𝑥2 , 𝑦𝑦 = 𝑥𝑥  and the 𝑦𝑦-axis is 
rotated about the 𝑦𝑦-axis. 

4 

 

 

 Find the volume of the solid generated. Give your answer correct to the nearest unit3.  

 

(c) 
 

Find the equation of the tangent to the curve 𝑦𝑦 = (1 + 𝑥𝑥)2 tan−1 𝑥𝑥 at the point (1,0). 
 

3 

(d) Find the solution of the differential equation  𝑦𝑦′ = 2𝑒𝑒𝑥𝑥−𝑑𝑑 given 

 𝑦𝑦(1) = ln(1 + 2𝑒𝑒). 
 

3 

(e) A particle is moving such that, at time, t seconds, its displacement, x metres, satisfies the 

equation  𝑡𝑡 = 2− 1
𝑒𝑒3𝑥𝑥  . Find the acceleration of the particle after 1 second.  

End of Question 13 
 

3 
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Question 14 (15 marks) Use the Question 14 writing booklet. 
 

 

(a)    Prove by mathematical induction that 4𝑛𝑛 + 14 is divisible by 6 for all positive 
integers n (𝑛𝑛 ≥ 1). 

3 

(b)  A missile is at an elevation of 3000 m and ascending with a velocity of 300 ms-1 at an 
angle of inclination of 60° when it stops accelerating due to a malfunction, causing its 
rocket to cut out. 

  

 

            i) Given that the only force acting on the missile is now gravity (𝑔𝑔 = 10 𝑚𝑚/𝑠𝑠2), 
show that the velocity  𝑣𝑣

∼
(𝑡𝑡) = 150𝑖𝑖

∼
+ (−10𝑡𝑡 + 150√3 )𝑗𝑗

∼
. 

3  

            ii) After the rocket cuts out, how far will it travel in a horizontal direction before it 
hits the ground? Give your answer correct to the nearest metre.  

 

3 

(c) At time t seconds the length of the side of a cube is x cm, the surface area of the cube  
is S cm2, and the volume of the cube is V cm3. The surface area of the cube is increasing  
at a constant rate of 8 cm2s–1.  

 

 i)  Show that 
𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑

= 𝑘𝑘
𝑥𝑥

   where 𝑘𝑘 is a constant. 1 

 ii)  Show that 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑉𝑉
1
3. 2 

 iii)  Given that 𝑉𝑉 = 8 when 𝑡𝑡 = 0, solve the differential equation in part (ii), and find   
       the value of t when 𝑉𝑉 = 16√2. 

3 

 
 

End of Paper. 
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Section I 

10 marks 
Attempt Questions 1–10 
Allow about 15 minutes for this section 
Use the multiple-choice answer sheet for Questions 1 – 10. 

1.  A PIN is to be chosen using four of the digits 0 through 9. Digits cannot be repeated. 

How many possible PINs are there? 

A. 256 

B. 210 

C. 10 000 

D. 5040 

Answer 10P4      = 5040 

2.  An object’s velocity is given by the vector ൫ ଷିହ൯. 

What is the magnitude of the object’s velocity? 

A. -2 

B. 34 

C. ξ34 

D. ξ8 

Answer Velocity = ඥ3ଶ + (െ5)ଶ = ξ34 

3.  The polynomial ܲ(ݔ) = ଷݔ െ ଶݔ12 + ݔ21 + ݇ has a double root. 

What are the possible values of ݇? 

A.   ݇ = െ1 or ݇ = െ7     

B.   ݇ = 1 or ݇ = 7    

C.   ݇ = 10 or ݇ = െ98   

D.   ݇ = െ10 or ݇ = 98   
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Answer For ܲ(ݔ) to have a double root, its derivative must have a root in common with ܲ(ݔ). 

 

ܲᇱ(ݔ) = ଶݔ3 െ ݔ24 + 21 = 0  

ଶݔ)3 െ ݔ8 + 7) = 0  

ݔ)3 െ ݔ)(7 െ 1) = 0  

So the root is either ݔ = 7 or ݔ = 1. 

 

ܲ(7) = 7ଷ െ 12(7)ଶ + 21(7) + ݇ = 0 so ݇ = 98 

ܲ(1) = 1ଷ െ 12(1)ଶ + 21(1) + ݇ = 0 so ݇ = െ10 

4.  What is the derivative of sinିଵ3ݔ? 

A. െ ଵ
ξଵିଽ௫మ

 

B.    ଷ
ξଵିଽ௫మ

  

C. െ ଵ
ξଵିଷ௫మ

  

D. െ ଷ
ξଵିଽ௫మ

  

Answer 
Derivative of ି݊݅ݏଵ݂(ݔ) = ᇲ(௫)

ටଵି൫(௫)൯మ
 

(ݔ)݂ =  ݔ3

݂ᇱ(௫) = 3 

si݊ିଵ3x =
3

ඥ1 െ ଶ(ݔ3)
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5.  Find the primitive function of  ௗ௬
ௗ௫

= sin ݔ cosଷ  .ݔ

A. ݕ = ଵ
ସ

cosସ ݔ +  ܥ

B. ݕ = െ ଵ
ସ

cosସ ݔ +  ܥ

C. ݕ = ଵ
଼

sinଶ ݔ cosସ ݔ +   ܥ

D. ݕ = െ ଵ
଼

sinଶ ݔ cosସ ݔ +   ܥ

 

Answer We know ௗ
ௗ௫

cos ݔ = െ sinݔ 

Thus by the reverse chain rule,  sinݔ cosଷ ݔ ݔ݀ = െଵ
ସ

cosସ ݔ +  ܥ

Alternate solution: using substitution ݑ =  ݔݏܿ

6.  Write the expression ݕ = sinݔ +  ξ3 cosݔ in the form ܴsin(ݔ +     .(ߙ
 

A. 2 sin ቀݔ + గ
ସ
ቁ 

B.  sin ቀݔ + గ
ଷ
ቁ 

C. 2 sin ቀݔ + గ
ଷ
ቁ 

D. 2 sin ቀݔ െ గ
ଷ
ቁ 
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Answer  

 
 

 
 

 
 

 

 

7.  What is the value of sin 2ݔ given that sinݔ = ଶξଷ
ସ

 and ݔ is obtuse? 

A. െξଷ
ସ

 

B. െξଷ
ଶ

 

C. ξଷ
ସ

 

D. ξଷ
ଶ

 

Answer 4ଶ = ቀ2ξ3
 
ቁ
ଶ

+ ܽଶ 

ܽଶ = 16െ 12 
ܽ = 2 

sin 2ݔ = 2sinݔcosݔ 

= 2 ×
2ξ3

4
× െ

2
4

= െ
ξ3
2
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8.  The equation ݕ = ݁௫  satisfies the differential equation  ௗ
మ௬

ௗ௫మ
+ ௗ௬

ௗ௫
െ ݕ6 = 0. 

What are the possible values of ܽ?  
 

A. ܽ = െ2  or  ܽ = 3 

B. ܽ = െ1  or  ܽ = 6 

C. ܽ = 2  or  ܽ = െ3 

D. ܽ = 1  or  ܽ = െ6 

Answer 
ݕ = ݁௫ ,

ݕ݀
ݔ݀

= ܽ݁௫ ,
݀ଶݕ
ଶݔ݀

= ܽଶ݁௫  

݀ଶݕ
ଶݔ݀

+
ݕ݀
ݔ݀

െ ݕ6 = 0 
ܽଶ݁௫ + ܽ݁௫ െ 6݁௫ = 0 

(ܽଶ + ܽ െ 6)݁௫ = 0 
(ܽ െ 2)(ܽ + 3)݁௫ = 0 

?a = 2 or a = –3 

9.  
Given that ݂(ݔ) = ݁௫ െ 1 and ݕ = ݂ିଵ(ݔ), find an expression for . 

A.     ଵ
ೣିଵ

 

B.       
ଵ

௫ାଵ
 

C.       ln ݔ    
 

D.       ln(ݔ + 1)      
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Answer  

10.  Which of the following differential equations could be represented by the slope field diagram 
below? 

 
 

 
 

 
 

 
 

 
 

A.          

B.       

C.       

D.       

Answer The slope in the 1st and 3rd quadrants is always negative. 

The slope in the 2nd and 4th quadrants is always positive. 

This rules out options B, C and D. 
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 Section II 

60 marks 
Attempt Questions 11 – 14. 

Allow about 1 hour and 45 minutes for this section. 
 
Answer each question in the appropriate writing booklet. Extra writing booklets are available. 
In Questions 11 – 14, your responses should include relevant mathematical reasoning and/or calculations.  
 
 

Question 11 (15 marks) Use the Question 11 writing booklet. 
 

 

(a)  Write a cartesian equation to represent the following parametric equations. 

ݔ = 2sinߠ  

ݕ = 2cosߠ 

2 

Answer ݔଶ =  ߠଶ݊݅ݏ4

ଶݕ =  ߠଶݏ4ܿ

ଶݔ + ଶݕ = ߠଶ݊݅ݏ4  +  ߠଶݏ4ܿ

ଶݔ + ଶݕ = ߠଶ݊݅ݏ)4 +  (ߠଶݏܿ

ଶݔ + ଶݕ = 4 

 

(b)  Solve  
ଵି௫
௫ିହ

  1. 2 

Answer ଵି௫
௫ିହ

  1 

ଵି௫
௫ିହ

× ݔ) െ 5)ଶ  (ݔ െ 5)ଶ 

(1 െ ݔ)(ݔ െ 5)  ݔ) െ 5)ଶ 

ݔ) െ 5)ଶ െ  (1 െ ݔ) (ݔ െ 5)  0 

ݔ) െ ݔ2)(5 െ 6)  0   , x് 5 

Solution : 3  ݔ < 5  

 

(c)  Consider the vectors Ӈ  =  ቀ 4
െ3ቁ  onto ݍӇ  = ቀെ1

2 ቁ. 
 
i) Using the dot product, show that these two vectors are not perpendicular to each other. 
 
 
 

 
 

1 
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Ӈܘ     . Ӈܙ   = หܘӇ หหܙӇ ห cos Ʌ  
where  Ʌ is the angle between the vectors. 
ห ܘӇ ห =  ඥ4ଶ + (െ3)ଶ =  ξ25 = 5 
 
   หܙӇ ห =  ඥ(െ1)ଶ + 2ଶ = ξ5 
Ӈܘ  . Ӈܙ   = 5 × ξ5 cos Ʌ  
Ӈܘ   . Ӈܙ   =  െ 4 െ 6  

                                                     = െ10 

   cos Ʌ = െ
10

5ξ5
 

 Since cos Ʌ ് ߠ,0 ് 0, hence these two vectors are not perpendicular to each other  

 

(d)  ii) Find the vector projection of  Ӈ  onto ݍӇ  . 2 

 ProjӇ ൫Ӈ ൯ =
Ӈ Ӈݍ.
ห ݍӇ ห

ଶ
 
 . Ӈݍ    

Ӈ  =  ቀ 4
െ3ቁ  onto ݍӇ  = ቀെ1

2 ቁ . 
Ӈ  Ӈݍ. = 4 × െ1 +  െ 3 × 2 = െ10 
ห ݍӇ ห

ଶ
  = (െ1)ଶ + 2ଶ = 5 

ProjӇ ൫Ӈ ൯ =
െ10

5
 .   ቀെ1

2 ቁ   

 = െ2 ቀെ1
2 ቁ 

 = ቀ 2
െ4ቁ 

  = 2
݅
െ 4݆


 

 

(e)  In the diagram, OABC is a parallelogram. The vector ܱܣሬሬሬሬሬԦ = Ӈܽ  and ܱܥሬሬሬሬሬԦ = Ӈܿ  . M is the 
midpoint of OA. Write an expression in terms of Ӈܽ  and Ӈܿ  to represent the vector ܤܯሬሬሬሬሬሬԦ. 
 

 

1 

Answer 
 

Or  
 
ሬሬሬሬሬሬԦܣܯ + ሬሬሬሬሬԦܤܣ =  ሬሬሬሬሬሬԦܤܯ
ሬሬሬሬሬԦܥܱ = ሬሬሬሬሬԦܤܣ =

ܿ
 

ሬሬሬሬሬԦܣܱ = Ӈܽ   
 

ሬሬሬሬሬሬԦܣܯ =
Ӈܽ  

2  

 ሬሬሬሬሬሬԦܤܯ =
Ӈܽ  

2
+ 

ܿ
 

 



 

CTHS AP4 Mathematics Extension 1 2020     11 

(f)  Sketch a possible solution curve passing through the origin for the following direction 
field. 

 

1 

 
(g)   Find න మೣ

ଵାరೣ
ݔ݀ 

୪୬ ଶ


 by using the substitution ݑ = ݁ଶ௫. 

Give your answer correct to 4 decimal places. 

3 

Answer ݁ସ௫ = (݁ଶ௫)ଶ. 

ݑ = ݁ଶ௫ , ௗ௨
ௗ௫

= 2݁ଶ௫ ՜ ଵ
ଶ
ݑ݀ = ݁ଶ௫݀ݔ 

Changing the limits of the integral: 

When ݔ = ݑ ,0 = ݁ଶ() = 1 

When ݔ = ln ݑ ,2 = ݁ଶ ୪୬ ଶ = ݁୪୬ ସ = 4 

The integral becomes: 

න
1

1 + ଶݑ
×

1
2
ݑ݀

ସ

ଵ
=

1
2

[tanିଵ ଵସ[ݑ =
1
2

(tanିଵ 4 െ tanିଵ 1] =
1
2

(tanିଵ 4 െ tanିଵ 1) ൎ 0.2702 

 

(h)  Use the substitution ݐ = tan ௫
ଶ
 to find in radians, correct to 2 decimal places, the 

solutions of the equation cos ݔ െ 3 sin ݔ  + 3 = 0 for 0  ݔ   .ߨ2
3 

Answer 
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Question 12 (15 marks) Use the Question 12 writing booklet. 
 

 

    (a)    i)  Show that sin(ܣ + (ܤ + sin(ܣ െ (ܤ = 2sinܣ cos1  .ܤ 

Answer 
 

 

      

ii)  Hence, find  

න  sin 4ݔ cos 2ݔ݀ ݔ

గ
ଶ



 

3 

Answer 
ݔ2 ݏܿ ݔ4݊݅ݏ =

1
2 ݔ4)݊݅ݏ) + (ݔ2 + ݔ4)݊݅ݏ െ  ((ݔ2

  න  
1
2 ݔ4)݊݅ݏ) + (ݔ2 + ݔ4)݊݅ݏ െ ݔ݀((ݔ2

గ
ଶ



 

න
1
2

ݔ6݊݅ݏ) + ݔ݀(ݔ2݊݅ݏ

గ
ଶ



 

1
2 െ

1
6 ൨ݔ6ݏܿ



గ/ଶ 

+
1
2 െ

1
2 ൨ݔ2ݏܿ



గ/ଶ

 

= െ
1

12
ቂܿ6ݏ ×

ߨ
2 െ 0ቃݏܿ െ

1
4
ቂܿ2ݏ ×

ߨ
2 െ  0ቃݏܿ

= ଵ
ଵଶ

[െ1 െ 1]െ ଵ
ସ

[െ1െ 1] 

= ଶ
 ଷ

 

 

   
   (b) Find   න ଵ

ଶହାସ௫మ

ఱ
మ


 .Leave your answer in exact form  .ݔ݀ 

 
2 
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Answer 
න

1
25 + ଶݔ4

ହ
ଶ


 ݔ݀  

1
2
න

1 × 2
5ଶ + ଶ(ݔ2)

ହ
ଶ


 ݔ݀

1
2 ×

1
5 ݊ܽݐ

ିଵ ݔ2
5 ൨



ହ/ଶ

  

1
10 ݊ܽݐ

ିଵ 2
5 ×

5
2 െ ଵି݊ܽݐ

2
5 × 0൨ 

= ଵ
ଵ

× గ
ସ
 

= గ
ସ

 

 

   (c) The polynomial equation ݔଷ െ ଶݔ5 + ݔ + 3 = 0 has roots ߚ ,ߙ and ߛ. 

Find ߙଶ + ଶߚ + ଶߛ . 

3 

Answer ߙ + ߚ + ߛ = 5 
ߚߙ + ߛߚ + ߛߙ = 1 

� � � �22 2 2

2

2

5 2 1
23

D E J D E J DE EJ DJ� �  � � � � �

 � u  

 

   (d) Sienna intends to row her boat from the south bank of a river to meet with her friends on the 
north bank, as shown in the diagram below. The river is 100 metres wide. Sienna’s rowing 
speed is 5 msିଵ when the water is still. The river is flowing east at a rate of 4 msିଵ. Sienna’s 
boat is also being impacted by a wind blowing from the south-west, which pushes the boat at 
8 msିଵ. She starts rowing across the river by steering the boat such that it is perpendicular to 
the south bank.  

 

 

River 

North bank 
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 i)   Show that the velocity of Sienna’s boat can be expressed as the component vector:   

      

2 

Answer  
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 ii)   Determine the distance rowed (in metres) and time taken (in seconds) by Sienna to travel  
      from the starting point to her landing point on the north bank. Give your answers correct  
      to one decimal place. 
 

 

4 

Answer The velocity is equal to the magnitude of the resultant velocity vector from (a). 

  

 

 

 
 

 
 

 

The distance from start to finish is given by d.  
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Question 13 (15 marks) Use the Question 13 writing booklet.  

 

(a) Find න sinଶ ቀ௫
ଶ
ቁ

ଶగ


 2 .ݔ݀ 

Answer 

න sinଶ
ݔ
2

ଶ


 ݔ݀

= න
1
2

(1 െ cosݔ݀(ݔ
ଶ


 

=
1
2

ݔ] െ sinݔ]ଶ 

= ଵ
ଶ

[ʹɎ െ 0) െ (0െ 0)] 
= Ɏ 

 

(b) The diagram below shows the curve ݕ = ξ16െ ݕ ଶ and the lineݔ =  .ݔ

 
The shaded region enclosed between the curve ݕ = ξ16െ ݕ , ଶݔ =  axis is-ݕ and the  ݔ
rotated about the ݕ-axis. 

4 

 

 

 Find the volume of the solid generated. Give your answer correct to the nearest unit3.  
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Answer Find the point of intersection of both the graphs first. 

ݔ = ඥ16െ  2ݔ
ଶݔ = 16 െ  ଶݔ

ଶݔ2 = 16 

ݔ = ±2ξ2 

Discard the negative value because the point is on the positive side of x-axis. 

ݕ = ݔ = 2ξ2 

 

ݔ = ඥ16 െ        ଶݕ

ܸ = ቌන ߨ ݔଶ݀ݕ

ଶξଶ



+ න(16 െ ݔ݀(ଶݕ
ସ

ଶξଶ

ቍ 

 ܸ = ቌ ߨ
ଷݕ

3
൨


ଶξଶ

+ 16ݕ െ
ଷݕ

3
൨
ଶξଶ

ସ

ቍ   

ܸ = ߨ 
(2ඥ2)

ଷ

3
+ 16 × 4െ

4ଷ

3
െ 16 × 2ξ2 +

൫2ξ2൯
ଷ

3
 

ܸ ൎ  ଷݐ݅݊ݑ 39

 

 

(c) 
 

Find the equation of the tangent to the curve ݕ = (1 + ଶ(ݔ tanିଵ  at the point (1,0). 3 ݔ

Answer First find the gradient of the tangent by differentiating the function: 

ᇱݕ = (1 + ଶ(ݔ ×
1

1 + ଶݔ + 2(1 + (ݔ tanିଵ  ݔ

ᇱ(1)ݕ = 2 + 4tanିଵ1 

Ԣ(1)ݕ = 2 + 4 ×
ߨ
4 

ᇱݕ = 2 +    ߨ
Equation of the tangent 

ݕ െ 0 = (2 + ݔ)(ߨ െ 1) 

ݕ = (2 + ݔ(ߨ െ 1 െ  ߨ
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(d) Find the solution of the differential equation  ݕᇱ = 2݁௫ି௬ given 

(1)ݕ  = ln(1 + 2݁). 
 

3 

Answer ݕᇱ = 2݁௫ି௬    
ݕ݀
ݔ݀ =

2݁௫

݁௬  

݁௬݀ݕ = 2݁௫݀ݔ 

Integrate both sides; 

න݁௬ ݕ݀ = න2݁௫݀ݔ 

݁௬ = 2݁௫ + ܿ 

ݔ ܾݑݏ = ݕ ݀݊ܽ 1 = ln(1 + 2݁) 

݁୪୬(ଵାଶ) = 2݁ + ܿ 

1 + 2݁ = 2݁ + ܿ 

ܿ = 1 

 ݁௬ = 2݁௫ + 1 

ݕ = ln (2݁௫ + 1) 

 

(e) A particle is moving such that, at time, t seconds, its displacement, x metres, satisfies the 

equation  ݐ = 2െ 1
  .Find the acceleration of the particle after 1 second .  ݔ3݁

 

3 
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Answer 
 

 

ݔ =
1
3

ln (
1

2െ ݐ
) 

ݒ =
݁ଷ×ଵଷ ୪୬ቀ

ଵ
ଶି௧ቁ

3
 

ݒ =
1

3(2 െ (ݐ
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Question 14 (15 marks) Use the Question 14 writing booklet. 
 

 

(a)    Prove by mathematical induction that 4 + 14 is divisible by 6 for all positive 
integers n (݊  1). 

3 

Answer Step 1: To prove true for n = 1  
4ଵ + 14 = 18 

Result is true for n = 1 
Step 2: Assume true for n = k 

4 + 14 = 6m 
where m is an integer 
Step 3: To prove true for n = k + 1  

4ାଵ + 14 = 6p 
where p is an integer 
 

LHS = 4ାଵ + 14 
= 4൫4൯ + 14 
= 4൫4൯ + 4 × 14െ 3 × 14 

= 4൫4 + 14൯ െ 3 × 14 
= 4(6m) െ 42 
= 6(4m െ 7) =  6
= RHS 

Step 4: True by induction 

 

(b)  A missile is at an elevation of 3000 m and ascending with a velocity of 300 ms-1 at an 
angle of inclination of 60° when it stops accelerating due to a malfunction, causing its 
rocket to cut out. 

  

 

            i) Given that the only force acting on the missile is now gravity (݃ =  ,(ଶݏ/݉ 10
show that the velocity  ݒ


(ݐ) = 150

݅
+ (െ10ݐ + 150ξ3 )݆


. 

3  
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Answer The missile has stopped accelerating, and so the only force acting on the rocket is gravity. 

ሷݔ = ሷݕ ,0 = െ10 

Integrating: 

(ݐ)ሶݔ = නݔሷ݀ݐ = න0݀ݐ 

(ݐ)ሶݔ =   ,ଵܥ
 
At ݐ = ሶ(0)ݔ ,0 = 300 cos 60° 
 
 ଵ=300ܥ  cos 60° 
 
Hence, ݔሶ(ݐ) = 300 cos 60° 
                     
(ݐ)ሶݔ              = 150 

ሶݕ = නݕሷ݀ݐ = නെ10 ݀ݐ 

ሶݕ = െ10ݐ +  ଶܥ
 
At ݐ = ሶݕ,0 (0) = 150ξ3 
 
150ξ3 = െ10 × 0 +  ଶܥ
 ଶܥ  = 150ξ3 

ሶݕ = െ10ݐ + 150ξ3 

 Ӈݒ  (ݐ) = 150ଓӇ + ൫െ10ݐ + 150ξ3൯ଔӇ 
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            ii) After the rocket cuts out, how far will it travel in a horizontal direction before it 
hits the ground? Give your answer correct to the nearest metre.  

 

3 

Answer Integrate ݕሶ  to get an equation for ݕ. 

ሶݕ = െ10ݐ + 150ξ3 

ݕ = නെ10ݐ + 150ξ3݀ݐ 

ݕ = െ5ݐଶ + 150ξ3ݐ + ܿ 

Initially the particle is at ݕ = 3000݉. 

3000 = െ5(0)ଶ + 150ξ3(0) + ܿ 

ܿ = 3000 

ݕ = െ5ݐଶ + 150ξ3ݐ + 3000 

(ݐ)ሶݔ = 150 

ݔ = නݔሶ݀ݐ 

ݔ = ݐ150 + ܿ 

At ݐ = ݔ ,0 = 0 

Hence, ݔ =  ݐ150

Now we want to know the time when the vertical position is 0. Sub ݕ = 0 

ݕ = െ5ݐଶ + 150ξ3ݐ + 3000 

െ5ݐଶ + 150ξ3ݐ + 3000 = 0 

ݐ = 15ξ3 ± 5ξ51, discard ݐ = 15ξ3 െ 5ξ51  and use ݐ = 15ξ3 + 5ξ51 

Sub this value of t in ݔ =  ݐ150

ݔ = 150 × (15ξ3 + 5ξ51) 
     =  9253.185638݉ 
ݔ ൎ 9253 ݉ (to the nearest m) 
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(c) At time t seconds the length of the side of a cube is x cm, the surface area of the cube  
is S cmଶ, and the volume of the cube is V cm3. The surface area of the cube is increasing  
at a constant rate of 8 cmଶs–ଵ.  

 

 i)  Show that 
ௗ௫
ௗ௧

= 
௫

   where ݇ is a constant. 1 

Answer Surface area of a cube with a side length of x is 6x2 
ܵ =  ଶݔ6
݀ܵ
ݔ݀

=  ݔ12

Given 
݀ܵ
ݐ݀

= 8 

ݔ݀
ݐ݀

=
݀ܵ
ݐ݀

÷
݀ܵ
ݔ݀

=
8

ݔ12
 

=
2
3
ݔ

 with ݇ =
2
3

 

 

 

 ii)  Show that 
ௗ
ௗ௧

= 2ܸ
భ
య. 2 

Answer ܸ =  (ݔ volume of a cube with side length) ଷݔ
ܸ݀
ݔ݀

=  ଶݔ3

ܸ݀
ݐ݀

=
ܸ݀
ݔ݀

×
ݔ݀
ݐ݀

 

= ଶݔ3 ×
2

ݔ3
=  ݔ2

sub ݔ = ܸ
భ
య 

ܸ݀
ݐ݀

= 2ܸ
ଵ
ଷ 

 
 
 
 
 
 
 

 

 iii)  Given that ܸ = 8 when ݐ = 0, solve the differential equation in part (ii), and find   
       the value of t when ܸ = 16ξ2. 

3 
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Answer ܸ݀
ݐ݀

= 2ܸ
ଵ
ଷ 

ܸି
ଵ
ଷܸ݀ = 2dt 

නܸି
ଵ
ଷ ܸ݀ = න 2 dt 

3
2
ܸ
ଶ
ଷ = ݐ2 +  ܥ

Given that V = 8 when t =0 
3
2

8
ଶ
ଷ = 2 × 0 + ܥ or ܥ = 6 

3
2
ܸ
ଶ
ଷ = ݐ2 + 6 

Find t when V αͳξʹ 
3
2
൫16ξ2൯

ଶ
ଷ = ݐ2 + 6 

12 = ݐ2 + 6 
ݐ = 3 seconds 
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