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Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

1. A PIN is to be chosen using four of the digits 0 through 9. Digits cannot be repeated.

How many possible PINs are there?

A. 256
B. 210
C. 10000
D. 5040
2. An object’s velocity is given by the vector (_35)

What is the magnitude of the object’s velocity?

A -2
B. 34
C. V34
D. V8

3. The polynomial P(x) = x3 — 12x? + 21x + k has a double root.

What are the possible values of k?

k=—1lork=-7
k=1lork=7

k=10o0rk = —98

c o w »

k=—-—10o0rk =98
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4, What is the derivative of sin=13x?

1

V1-9x?2
3

A —

1-9x?2

1-3x2

-

:

1—-9x?
5. . . " . d_y o 3
Find the primitive function of o, = Sinxcos”x.
A y= icos”‘ x+C
1 4
B. y=- Jcostx+ C
C. yzgsinzxcos4x+6

1 .
D. y= —551n2xcos4x+C

6. Write the expression y = sinx + /3 cosx in the form Rsin(x + a).
. s
A. 2 sin (x + Z)
. s
B. sin (x + ;)
. s
C. 2 sin (x + ;)

D. 2 sin (x - g)
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2v3
7. What is the value of sin 2x given that sinx = T\/_ and x is obtuse?
3
.
4
3
B —&
2
3
c =
4
3
p. &
2
: : : : . d’y  dy
8. The equation y = e%* satisfies the differential equation Ta? + i y = 0.
What are the possible values of a?
A. a=-2ora=3
B. a=-1lora=6
C. a=2 ora=-3
D. a=1ora=-6
9. . _ : dy
Given that f(x) = e* — 1 and y = f~1(x), find an expression for T
/x
A 1
- eX-1
1
B. —
x+1
C In x
D In(x + 1)
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Which of the following differential equations could be represented by the slope field diagram

below?

10.
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Section 11

60 marks
Attempt Questions 11 — 14.

Allow about 1 hour and 45 minutes for this section.

Answer each question in the appropriate writing booklet. Extra writing booklets are available.
In Questions 11 — 14, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use the Question 11 writing booklet.

(a) Write a cartesian equation to represent the following parametric equations. 2
x = 2sinf
y = 2cosf
1_
() Solve —>1. 2

(¢) Consider the vectors p = (_43) ontoq = (_1).

2
1) Using the dot product, show that these two vectors are not perpendicular to each other. 1
i) Find the vector projection of p onto q . 2
(d) Inthe diagram, OABC is a parallelogram. The vector 04 = a and 0C = ¢ . M is the 1

midpoint of O4. Write an expression in terms of @ and ¢ to represent the vector ME.

B

/‘.
(::t
A

M
0

CTHS AP4 Mathematics Extension 1 2020 7



1

(e) Sketch a possible solution curve passing through the origin for the following direction
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dx by using the substitution u = e?*.

02X
1+e%x

In2
(f) Find f
0

Give your answer correct to 4 decimal places.

to find in radians, correct to 2 decimal places, the

X

= tan_
2

(8) Use the substitution t

solutions of the equation cosx — 3sinx +3 =0 for 0 < x < 2m.

End of Question 11
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Question 12 (15 marks) Use the Question 12 writing booklet.

(@) 1) Show thatsin(4 + B) + sin(4 — B) = 2sinA cosB.

ii) Hence, find >
f sin 4x cos 2x dx
0

5

) 2 1 :
(b) " Find dx. Leave your answer in exact form.
0 25+4x2

(c)  The polynomial equation x*> — 5x% + x + 3 = 0 has roots «, § and y.
Find a? + g% + y2.

(d) Sienna intends to row her boat from the south bank of a river to meet with her friends on the
north bank, as shown in the diagram below. The river is 100 metres wide. Sienna’s rowing
speed is 5 ms~! when the water is still. The river is flowing east at a rate of 4 ms™?1. Sienna’s
boat is also being impacted by a wind blowing from the south-west, which pushes the boat at
8 ms~1. She starts rowing across the river by steering the boat such that it is perpendicular to

the south bank.
North bank
[
A
L0 River
s
Brs ]
1'
S
south bark dms~1

1) Show that the velocity of Sienna’s boat can be expressed as the component vector:

(“+ )i+ 5+ )]

i1) Determine the distance rowed (in metres) and time taken (in seconds) by Sienna to travel
from the starting point to her landing point on the north bank. Give your answers correct
to one decimal place.

End of Question 12
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Question 13 (15 marks) Use the Question 13 writing booklet.
2
. 2 E
(@)  Find fo sin (2) dx.

(b) The diagram below shows the curve y = V16 — x?2 and the line y = x.

5

The shaded region enclosed between the curve y = V16 — x2 , y = x and the y-axis is
rotated about the y-axis.

Find the volume of the solid generated. Give your answer correct to the nearest unit>.

(©) Find the equation of the tangent to the curve y = (1 + x)? tan™! x at the point (1,0).

(d) Find the solution of the differential equation y' = 2e*™Y given
y(1) = In(1 + 2e).

(e) A particle is moving such that, at time, ¢ seconds, its displacement, x metres, satisfies the

. 1 . . .
equation t = 2 — 3% - Find the acceleration of the particle after 1 second.

End of Question 13

CTHS AP4 Mathematics Extension 1 2020
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Question 14 (15 marks) Use the Question 14 writing booklet.

(a) Prove by mathematical induction that 4™ + 14 is divisible by 6 for all positive 3
integers n (n > 1).

(b) A missile is at an elevation of 3000 m and ascending with a velocity of 300 ms™ at an
angle of inclination of 60° when it stops accelerating due to a malfunction, causing its

rocket to cut out.
y L
3000 4

=V

0

i)  Given that the only force acting on the missile is now gravity (g = 10 m/s?), 3
show that the velocity v(t) = 150i + (—10t + 150v/3)j.

i1) After the rocket cuts out, how far will it travel in a horizontal direction before it 3
hits the ground? Give your answer correct to the nearest metre.

(c) At time ¢ seconds the length of the side of a cube is x cm, the surface area of the cube

is S cm?, and the volume of the cube is V cm®. The surface area of the cube is increasing

at a constant rate of 8 cm?s1.

a k

1) Show that === where k is a constant. 1
dt X
av 1

ii) Show that — = 2V73, 2
dat

iii) Given that V = 8 when t = 0, solve the differential equation in part (ii), and find 3

the value of  when V = 16v/2.

End of Paper.
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Section 1

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

1. A PIN is to be chosen using four of the digits 0 through 9. Digits cannot be repeated.

How many possible PINs are there?

A. 256
B. 210

C. 10000
D. 5040

Answer 10P4 = 5040

2. An object’s velocity is given by the vector (_35)

What is the magnitude of the object’s velocity?

A 2
B. 34
C. V34
D. V8

Answer VC]OCity: 32 4 (_5)2 =+/34

3. The polynomial P(x) = x3 — 12x2 + 21x + k has a double root.
What are the possible values of k?

A k=—-1lork=-7

B. k=1lork=7

C. k=10o0rk =-98

D

. k=—100ork =98
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Answer

For P(x) to have a double root, its derivative must have a root in common with P(x).

P'(x) =3x*—-24x+21=0
3(x? —=8x+7)=0
3x—-7)(x—-1=0

So the root is either x = 7 or x = 1.

P(7)=73-12(7)*+21(7) + k=0sok =98

P(1)=1>-12(1)*+21(1) +k=0sok = —10

4. What is the derivative of sin~13x?
A — 1
) 1—9x2
B 3
) 1-9x2
C. — 1
) 1—3x2
_ 3
V1-9x2
Answer . . .1 f'(x)
Derivative of sin™' f (x) = —
1-(f(x))
f(x) =3x
f'(x) =3
3
sin~13x =

J1—(3x)2
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. . . d .
Find the primitive function of ﬁ = sin x cos? x.
A y= icos4 x+C

B. y= —icos4x+C

1,
C. y=§sm2xcos4x+C

1.
D. y= —551n2xcos4x+C

Answer

d .
We know -, Cosx = —sinx

. : 1
Thus by the reverse chain rule, [ sinx cos® x dx = — - cos*x + C

Alternate solution: using substitution u = cosx

6. Write the expression y = sinx + /3 cosx in the form Rsin(x + a).

A. 2 sin (x + %)
B. sin (x + g)
C. 2 sin (x I8 g)

D. 2sin (x - g)
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Answer

tan a

|
w|A &I

11
sinx+\/§cosx = 2sin(x+;]

7 : . : . 2V3 .
. What is the value of sin 2x given that sinx = e and x is obtuse?
3
g
4
3
B —¥
2
3
c ©
4
3
p. &
2

2
Answer 42 _ (2\/§) + az
a’?=16-—12
a=2

sin 2x = 2sinxcosx

23 2 43

=2X—X——==——
4 4 2
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d?y
>+

dy
dx

8. The equation y = e%* satisfies the differential equation o

What are the possible values of a?

A. a=—-2ora=3
B. a=—-1ora=6
C. a=2ora=-3

D. a=1ora=-6

Answer dy dZy 2
y = eax’a — aeaxlﬁ = q2ed*
d*y dy
—+——6y=0
dx?  dx y

a’e 4+ ge® — 6e¥ =0

(a’+a—6)e*™ =0

(a—2)(a+3)e* =0
s.a=2ora=-3

9, . _ : dy
Given that f(x) = e* — 1 and y = f~1(x), find an expression for ol
X
A 1
T oeX—1
B. |
x+1
C In x
D In(x + 1)
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x+1

¢’ —1 which also gives ¢’

For f~ 1(x) we have x

fx)y=e"-1
Lety=e"—1

W = |BE =
|

L
ARSIRSARS

—
+

=

Which of the following differential equations could be represented by the slope field diagram

below?

=

—_—— e ]

——— s/
B i e a2
B T Tt
B e e Lt LW S 2 A
e e
- & Tk
D R e e o
R R S S
I e e .t

B e e S

P g~ —————

T e
AN N RN TS
e T St S L S
T e e S

L T T S o o

= (o8] - )
| | | [ |

A A e e
R
e e S

Y e e e

aN_ B S P N P T S

S S ——

+t—

Answer

10.

The slope in the 1%t and 3™ quadrants is always negative.
The slope in the 2" and 4" quadrants is always positive.

This rules out options B, C and D.

Answer
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Section I1

60 marks
Attempt Questions 11 — 14.

Allow about 1 hour and 45 minutes for this section.

Answer each question in the appropriate writing booklet. Extra writing booklets are available.
In Questions 11 — 14, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use the Question 11 writing booklet.

(a) Write a cartesian equation to represent the following parametric equations. 2
x = 2sinf
y = 2cos6

Answer | x? = 4sin’0
y? = 4cos?0
x? +y? = 4sin?0 + 4cos?0
x? + y? = 4(sin%0 + cos?0)

x2+y2=4
1-x
(b) | Solve — > 1. 2
x—5
Answer 1—_X 2 1
x—5

gx(x—S)Z > (x — 5)2
(1-x)(x—=5)>(x—5)?
(x=5)2-1-x)(x-5)<0
(x—5)(2x—6) <0 ,x#5

Solution: 3 <x <5

(¢) | Consider the vectorsp = (_43) ontoq = (_21)

1) Using the dot product, show that these two vectors are not perpendicular to each other. 1

CTHS AP4 Mathematics Extension 1 2020 9



p.q= |P||9| cos 0
where 0 is the angle between the vectors.

|p| = V42 +(-3)* = V25 =5
ol = JCIZ +2% =5

.q =5 x5 cos @
. q = —4—-6
=-10

g VS

. c0sO =———
5v5

Since cos 8 # 0,8 # 0, hence these two vectors are not perpendicular to each other

(d) i) Find the vector projection of p onto q .
, p.q P,
PrO]g(I}) = |~ |~2 . q s Mier hale A oluvowns
q
~ N
_ (4 _ (1 .y 2
;3—(_3)ontoc~1—(2). q-= _L—y-é
p.g=4x—-1+ —3x2 =-10 ~ U )
Y y = Pl et
lq|” =(1D2+22 =5 Py o (lel E:

() |
:(_24)2 :+2(é:——?’7”' :
=2£—4]~'

Projg(?) :_Tlo' (_21) - @x "_L‘i)x (’i‘_—\- )-’-‘S—- ]

(e)

In the diagram, OABC is a parallelogram. The vector 04 = a and 0C = ¢ .Mis the
midpoint of O4. Write an expression in terms of g and ¢ to represent the vector MB.

Answer

Or
MA + AB = MB
0C=A4B =
0A=a
MA =2

2
'Mﬁ—g—+c
- =S+

CTHS AP4 Mathematics Extension 1 2020
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(f) | Sketch a possible solution curve passing through the origin for the following direction

11

2

=7,
X#T

Jor x
cosT—3sinr+3

(tan"14 —tan"1 1) = 0.2702
2.

1

tang

=0for0<x <
or

x=2-21, 1-57

(tan"'4 —tan™1 1]

x=2tan'2

)
s Jor x#w, 0£x<2m
F=tan"'2

tang =2

4 1
to find in radians, correct to 2 decimal places, the

X

= fan—
2

du = e**dx
[tan™1u]

dx by using the substitution u = e?*.
1

J+3=0

2e%* -
-2 —6r+3+32=0

er
£ =3t+2=0
(r=2)(z-1)=0

1+e**
X =du

1472

[

2x d_u

> dx

1+ u?
1-£
1+

[

Give your answer correct to 4 decimal places.
(h) | Use the substitution ¢

etx = (62x)2.

Changing the limits of the integral:

Whenx =0, u =e?® =1

When x =In2, u = e?"2 = eln4 =4

The integral becomes:

solutions of the equation cos x — 3sinx + 3

In 2
(g) | Find j
0

Answer
Answer
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Question 12 (15 marks) Use the Question 12 writing booklet.

(a)

i) Show that sin(A + B) + sin(4 — B) = 2sinA cosB.

Answer

sin(4 + B) + sin(4 — B) = sin A cos B+ cos A sin B+ sin 4 cos B—cos Asin B

=2sinAcos B

i1) Hence, find

T

2
f sin 4x cos 2x dx
0

Answer

1
sin4x cos 2x = > (sin(4x + 2x) + sin(4x — 2x))

(sin(4x + 2x) + sin(4x — 2x))dx

Y E
N| =

(sinbx + sin2x)dx

/2
_l_

NP OoY———
N| =

1 17 1 m/2
[—gcos6x]0 > [—ECOSZX]O

— % [cos6 X % — cosO] — % [cosZ X g — cosO]

[-1-1]-5[-1-1]

w N B"“

(b)

5

2 1
Find dx. Leave your answer in exact form.
0 25+4x2

CTHS AP4 Mathematics Extension 1 2020
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Answer

5

f? 1 d
25 + 4x2 *

f 1x2
52 + (2x)2
2x1°/?

— X — -1__
sz[tan 5

1

[t 125t 1><0]
) e

X

N

JER

(c)

The polynomial equation x3 — 5x? + x + 3 = 0 has roots a, § and y.
poly. q

Find a? + p? + y2.

Answer

a+p+y=5

af+py +ay=1

a’+pr+y’ =(a+,6’+}/)2—2(a/5’+ﬁ7+a7)
=5%-2x1
23

(d)

Sienna intends to row her boat from the south bank of a river to meet with her friends on the
north bank, as shown in the diagram below. The river is 100 metres wide. Sienna’s rowing
speed is 5 ms~! when the water is still. The river is flowing east at a rate of 4 ms™~1. Sienna’s
boat is also being impacted by a wind blowing from the south-west, which pushes the boat at
8 ms~1. She starts rowing across the river by steering the boat such that it is perpendicular to

the south bank.
North bank

100m River

ms1

Sms 1

south bank dms~1

CTHS AP4 Mathematics Extension 1 2020
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1) Show that the velocity of Sienna’s boat can be expressed as the component vector:

4+ 4ﬁ)i+(5+4ﬁ)j

Answer

w ol

Sms”

‘7

(0,0) 4i + 0j
south bank

Component vectors of the wind

8% = 2x?

x*=32

x=B2
=42

Wind vectoris 42 i +44J2j
Rowing vector is 0 l +5]

Water flow vectoris4 i + 0 j

Resultant velocity = 4i+0j+ 0i +5j +4J2 i +4J2j
(4+4J2)i+(5+442)j

CTHS AP4 Mathematics Extension 1 2020
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i1) Determine the distance rowed (in metres) and time taken (in seconds) by Sienna to travel
from the starting point to her landing point on the north bank. Give your answers correct

to one decimal place.

The velocity is equal to the magnitude of the resultant velocity vector from (a).

Answer

v=dJ@d+ad2)’+ 5+ 442
= 14.38135517
~ 1438 ms '

NOT TO SCALE

100 m

5+4J2
tan@ =——F—
4+4J2
L[ 5+4d2
0 = tan —
4+4J2
=47.81827238°
~ 48°
s+42

The distance from start to finish is given by d.

sin@ = % 0
4+4d2
~ 100
sin 48°
= 134.9493465 m
~ 135 m

Time taken = 134.9493465m <+ 14.38 ms '
= 9.384516448
~ 9.4 seconds

CTHS AP4 Mathematics Extension 1 2020



Question 13 (15 marks) Use the Question 13 writing booklet.

2T
. 2 f
(a) Find -[0 sin (2) dx.

Answer 2T
. 2 x
f sin“ —dx
0 2

2T 1
= f —(1 — cosx)dx
0 2

=5 [x — sinx]3™

=;[2n-0)~(0-0)

=T

(b) | The diagram below shows the curve y = V16 — x2 and the line y = x.

-5

The shaded region enclosed between the curve y = V16 — x? , y = x and the y-axis is
rotated about the y-axis.

Find the volume of the solid generated. Give your answer correct to the nearest unit’.

CTHS AP4 Mathematics Extension 1 2020
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Answer

Find the point of intersection of both the graphs first.

=162

x? =16 — x?

2x% =16

x =+2v2

Discard the negative value because the point is on the positive side of x-axis.

y=x=2V2

x =416 —y?
22 4
V=mn fyzdx+ f(16—y2)dx
0 2v2
312V2 314
y y
a2 ey 2
31y Y73 2V2
3 3
2,/2 43 2v2
V=mu @+16x4—?—16 ><2x/§+( 3)

V =~ 39 unit?

(©

Find the equation of the tangent to the curve y = (1 + x)? tan™! x at the point (1,0).

Answer

First find the gradient of the tangent by differentiating the function:

y' =1 +x)?*x +2(1+x)tan 1 x

1+ x?
y'(1) = 2 + 4tan™11
i
YD) =2+4x%7
y =2+n

Equation of the tangent
y—0=0Q2+n)(x—-1)
y=Q+mx—-1—-mn

CTHS AP4 Mathematics Extension 1 2020

17




(d) Find the solution of the differential equation y' = 2e*™Y given
y(1) = In(1 + 2e).

Answer yl — Zex—y

dy 2e*
dx e
e’dy = 2e*dx

Integrate both sides;

feydy=f26xdx

e¥ =2e*+c

subx =1andy =In(1+ 2e)
eln(1+26) — 2, 4 ¢
1+2e=2e+c

c=1

ne¥=2e"+1

y =In(2e* + 1)

(e) A particle is moving such that, at time, ¢ seconds, its displacement, x metres, satisfies the

equation t = 2 — elﬁ . Find the acceleration of the particle after 1 second.
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Answer
1

2-1
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Question 14 (15 marks) Use the Question 14 writing booklet.

(a) Prove by mathematical induction that 4™ + 14 is divisible by 6 for all positive
integers n (n > 1).

Answer

Step 1: To prove true forn =1

41 +14 =18
Result is true forn =1
Step 2: Assume true forn = k
4% + 14 = 6m
where m is an integer
Step 3: To prove true forn=k + 1
4k+1 4 14 = 6p

where p is an integer

LHS = 4*1 4 14
= 4(4%) + 14
=4(4) +4x14-3%x 14

=4(4*+14) -3 x 14

= 4(6m) — 42
=6(4m—7) = 6p
= RHS
Step 4: True by induction
(b) A missile is at an elevation of 3000 m and ascending with a velocity of 300 ms™ at an

angle of inclination of 60° when it stops accelerating due to a malfunction, causing its

rocket to cut out.
y L
3000 %

=V

)

i)  Given that the only force acting on the missile is now gravity (g = 10 m/s?),
show that the velocity v(t) = 150i + (=10t + 150+/3)j.
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Answer

The missile has stopped accelerating, and so the only force acting on the rocket is gravity.
Xx=0,y=-10

Integrating:

x(t) = fﬁc’dt = f 0dt

X(t) = Cla

Att =0, x(0) = 300 cos 60°

+ €1=300 cos 60°

Hence, x(t) = 300 cos 60°

x(t) = 150
yzfj}dtzf—lodt
y =—10t + C,

Att = 0,y(0) = 150+/3

150V3 =—-10x 0+ C,
~ C, = 150V3

y = —10t + 1503

= p(t) = 1501 + (—10¢ + 150v/3))
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i1) After the rocket cuts out, how far will it travel in a horizontal direction before it

hits the ground? Give your answer correct to the nearest metre.

Answer

Integrate y to get an equation for y.

y = —10t + 150V3
y = f —10t 4+ 150V3 dt

y = —5t? + 150V3t + ¢

Initially the particle is at y = 3000m.
3000 = —5(0)2 + 150v3(0) + ¢

¢ = 3000

y = —5t2 + 150v/3t 4 3000

x(t) = 150

xszcdt

x =150t + ¢
Att=0,x=0
Hence, x = 150t

Now we want to know the time when the vertical positionis 0. Suby = 0
y = —5t2 + 150v/3t 4 3000

—5t2 4+ 1503t + 3000 = 0
t = 15v3 + 5v/51, discard t = 15v3 — 5v51 and use t = 15v3 + 5v51
Sub this value of t in x = 150¢

x = 150 X (15v/3 + 5v/51)
= 9253.185638m
x = 9253 m (to the nearest m)
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At time ¢ seconds the length of the side of a cube is x cm, the surface area of the cube
is S cm?, and the volume of the cube is V. cm®. The surface area of the cube is increasing
at a constant rate of 8 cm?s™1.

the value of f when V = 16V2.

dx k
1) Show that — = — where k is a constant. 1
dt x
Answer | Surface area of a cube with a side length of x is 6x2
S = 6x?
as 12
dx *
Gi as =8
iven —- =
dx _dS dS 8
dt dt dx 12x
z 2
3 .
= = h = —
. with k 3
.. av 1
i1) Show that — = 2V, 2
dt
Answer V = x3 (volume of a cube with side length x)
av 32
dx x
av dv o dx
dt dx dt
3x? X - 2
= 3x — = 2x
3x
1
subx =Vs
v _
dt
iii) Given that V = 8 when t = 0, solve the differential equation in part (ii), and find 3
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Answer dV l

E—2V3
V_%dV=2dt
jV_%dV=jZdt

3 2
§V3=2t+C

Given that V=8 when t =0

3 2
583 =2x0+CorC=6
3 2
“V3=2t+6
2
Find t when V =16V2
3 2
E(16\/5)3 =2t+6
12=2t+6

t = 3 seconds

End of Paper
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